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Structural Similitude and Scaling Laws for Sandwich Beams
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Problems associated primarily with structural similitude as applied to sandwich beams and columns are inves-
tigated. Similitude theory is employed to develop the necessary similarity conditions or scaling laws. Scaling laws
provide the relationship between a full-scale structure (prototype) and its scaled down model. These relationships
can be used to design the small-scale model and to extrapolate the experimental data of the model to predict the
behavior of the large prototype. Note that scaled down models are inexpensive and easily tested. The developed
methodology is demonstrated through analysis of the bending of sandwich beams subjected to transverse loads,
and it is totally analytical. A small model is designed and theoretically analyzed. The theoretically obtained re-
sponse predictions are treated as if they were experimentally obtained (from model testing). Then, scaling laws are
used with the model data to predict the behavior of the large prototype. Finally, these predictions are compared
to the theoretically obtained response of the prototype to test the validity of the method. Predicted and theoretical
response is very close, and therefore, the demonstration is successful. Both complete (satisfaction of all similarity
conditions) and partial similarity are discussed.

Nomenclature
bwk = width of panel
ck = thickness of the core
dtk ; dbk = thickness of the upper and the lower skin,

respectively
EAtk ; EAbk = longitudinal rigidities of the upper

and the lower face, respectively
Eck; Gck = vertical modulus of elasticity of the core

and its shear modulus, respectively
EIk = � exural rigidity of beam
EItk; EIbk = � exural rigidities of upper and lower

faces, respectively
k = p or m, where p refers to the prototype

and m to the model
L = length of the beam
Ntot; Mtot, = global longitudinal force, bending moment,
Q tot and shear force stress resultant
Nx xt ; Mxx t , = longitudinal force, bending moment,
Q x xt ; Nx xb , and shear force stress resultants
Mx xb; Q x xb in upper and lower faces, respectively
ntk ; qtk ; mtk ; = external longitudinal and vertical distributed
nbk ; qbk; mbk loads and distributed bending moments

exerted at the upper and the lower faces,
respectively

Q x xc = vertical shear stress resultant in core
qk = external distributed load on beam
Uotk .xk /; = in-plane deformations of the upper
Uobk .xk/ and the lower faces, respectively
Wtk.xk/; = vertical deformations of the upper
Wbk.xk / and the lower faces, respectively
wck .xk; zk/, = vertical and longitudinal displacements
uck.xk; zk/ � elds in core
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wk.xk / = vertical displacement of beam
X K

j = j parameter or response variable
xk = longitudinal coordinate of beam/panel
zk = vertical coordinate of core measured

from upper face–core interface
Nzt ; Nzb = distances of the centroid of the upper

and the lower face sheets from the centroid
of the sandwich panel

¸ j = scale factor of the j parameter
¾zztk ; ¾zzbk = vertical normal stresses at upper and lower

face–core interfaces, respectively
¾zzk .xk; zk/ = vertical normal stress � eld of core
¿k .xk/ = vertical shear stress in the core

Introduction

T HERE is renewed interest in the use of sandwich construc-
tion, especially for future large transport aircraft. Sandwich

structures can be attractive for such airplanes due to their high spe-
ci� c strength and stiffness, as well as due to damage tolerance.
The correct and effective use of sandwich construction with lam-
inated composite facings requires sophisticated, complex analyses
to achieve good understanding of the system response characteris-
tics to external causes. Because of the complexity of the systems
and the lack of complete design-basedinformation, any new design
must be extensively evaluated experimentally until it achieves the
necessary reliability, performance,and safety. However, the experi-
mental evaluationof these structures is extremely useful if a similar
small-scaledmodel can replacea full-scalestructure,which is much
easier to work with. Furthermore, a dramatic reduction in cost and
time can be achieved if available experimental data of a speci� c
structure can be used to predict the behavior of a group of similar
systems.

To understandthe applicabilityof thesemodels in designinglami-
natedcompositeandsandwichstructures,an analyticalinvestigation
was undertakento assess the feasibilityof their use. Employment of
similitude theory to establish similarity among structural systems
can save considerableexpenseand time provided the proper scaling
laws are found and validated.

Some studies concerning the use of scaled down shell structures
have been conducted in the past. Ezra1 presented a study, based on
dimensional analysis, for buckling behavior of scaled down shell
structures subjected to impulsive loads. Morgen2 presented a sim-
ilar investigation for an orthotropic cylinder subjected to different
static loads. Because of the large number of design parameters, the
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identi� cation of the conventional method of dimensional analysis
is tedious. Similitude theory based on governing equations of the
structuralsystem is more directand simpler in execution.Additional
studies have been reported in the past 15–20 years on structural
similitude and modeling. See Simitses et al.3 for a comprehensive
review.

Mathematical Formulation
The mathematical formulations outline the procedure that yields

the similitude relations. The approach is based on matching of the
coef� cients of the differential governingequations of the prototype
equations with those of the models equations. The approach has
been implemented through symbolic algebraic interpretersoftware,
Maple V R6,4 and the results are presented.

The similitude approach assumes that there is a relation between
all of the parameters and response terms as follows:

¸ j D X p
j

¯
Xm

j (1)

where X K
j is the j parameter or response variable of the prototype

p or the model m.
The approach of matching terms of the governing differential

equations is demonstrated � rst for bending of beams for simplicity
and to show the approach. Later a sandwich panel similarity anal-
ysis is presented. In all cases, the formulation and the results are
determined analytically,and in the sandwich case, it is followed by
some numerical examples.

Similitude of a Beam in Bending Only
The governing differential equation of the isotropic prototype

using small deformations is

EIp

µ
@ 4

@x4
p

w p.xp/

¶
¡ qp D 0 (2)

where EIp is the � exural rigidity, qp is the external distributed load,
w p.xp/ is theverticaldisplacement,and x p is coordinateof the beam
between 0 and L, which is the length of the beam.

The relation between the prototype parameters and those of the
model,or in otherwords, thedescriptionof theprototypeparameters
in terms of the scale factors and the model parameters, is

EI p D ¸EI EIm ; w p.xp/ D ¸wwm.xm/; qp D ¸qqm

xp D ¸x xm (3)

Substitution of these parameters in Eq. (3) leads to the governing
equationof the prototype in terms of the model parameters,denoted
by subscript m. After dividing by ¸q it is

¸EI EIm ¸w

£¡
@4

¯
@x4

m

¢
wm .xm /

¤

¸q¸4
x

¡ qm D 0 (4)

The governing equation of the model reads

EIm

µ
@4

@x4
wm.xm/

¶
¡ qm D 0 (5)

For the response of the model to match that of the prototype,
provided that the boundary conditions are identical, the coef� cients
of the two equations.Eqs. (4) and (5), must be identical. Hence, by
matching the coef� cients of the two equations, the two similarity
conditions read

EIm D ¸EI EIm¸w

¸q¸4
x

; qm D qm or 1 D ¸EI ¸w

¸q ¸4
x

(6)

or

¸w D
¸q¸4

x

¸EI

(7)

Hence, the deformation scale factor is proportional to the load
and to the length scale factor by the power of four and inversely
proportional to the bending rigidity scale factor.

Next, we discuss the similarity approach to sandwich panels with
a soft core and isotropic faces. The formulation is based on the
high-order modeling of such a structure; for more details on the
high-order approach see Frostig et al.5

Similarity Analysis of Sandwich Panel with Transversely Flexible Core
in Bending: High-Order Model

Next, we discuss the similarity approach to sandwich panels with
a soft core and isotropic face. The formulation is based on the high-
ordermodeling of such structure.For more details on the high-order
approach, see Frostig et al.,5 and for applications and veri� cations,
see Refs. 6–16. The basic assumptions of the high-order formula-
tion consist of treating the face sheets as Bernoulli–Euler beams
with negligible shear and vertical normal through the thickness de-
formation and with small deformations. The core is considered a
two-dimensional elastic medium with shear and vertical normal
stresses, whereas the longitudinalstresses in the core are neglected.
The longitudinal stresses’ deformation � elds are results of analyt-
ical solutions. The core–face interfaces provide full bond, and the
loads are applied to the faces only. For more details see Frostig
et al.5

The governingequationsof a sandwich panel with isotropic faces
and a transversely � exible core are5

EAt p

µ
@2

@x2
p

Uotp.x p/

¶
C bwp¿p.xp/ C ntp.x p/ D 0 (8)
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µ
@ 2

@x2
p

Uobp.xp/

¶
¡ bw p¿p.x p/ C nbp.xp/ D 0 (9)
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where EAt p and EAbp are the longitudinalrigiditiesof the upper and
the lower face, respectively;EIt p and EIbp are the � exural rigidities
of the various skins; bw p and cp are the width of the panel and
thicknessof the core; dtp and dbp are the thickness of the upper and
the lower skin, respectively; Ecp and Gcp are the vertical modulus
of elasticity of the core and its shear modulus; and xp is the lon-
gitudinal coordinate of the panel. The external loads nkp; qkp , and
mk p; k D t and b, are thelongitudinal and vertical distributed loads
and distributedbendingmoments exerted at the upper and the lower
faces, respectively. The response results, Uotp.xp/ and Uobp.x p/,
are the longitudinal deformations of the centroid of the upper and
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a) Geometry c) Stresses and stress resultants

b) External loads d) Deformation pattern

Fig. 1 Sandwich panel.

the lower faces, respectively. Wt p.xp/ and Wbp.xp/ are the verti-
cal deformations of the various faces, and ¿p.xp/ is the shear stress
in the vertical direction of the core. For sign conventions, loads,
internal stress resultants and stresses at face–core interfaces, and
deformation patterns, see Fig. 1.

The stress and the deformation � elds in the core and at the face–

core interfaces are as follows. (For details see Frotig et al.5)
The vertical normal stresses at the upper and the lower face–core

interfaces (Fig. 1c) are

¾zztp D
[Wbp.xp/ ¡ Wtp.x p/]Ecp

cp
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2
cp
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¶
(13)
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¶
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The stress � elds in the core equal

¿p.xp; z p/ D ¿p.x p/ (15)
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The deformation � elds through the depth of core are
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The relations between the properties, rigidities, and loads of the
prototype and those of the model in terms of the ¸ are

bwp D ¸bbwm ; dtp D ¸dt dtm ; dbp D ¸dbdbm

cp D ¸ccm; EAt p D ¸EAtEAtm; EAb p D ¸EAbEAbm

EIt p D ¸EItEitm; EIbp D ¸EIbEIbm ; Ecp D ¸EcEcm

Gcp D ¸GcGcm ; ntp D ¸nt ntm ; nbp D ¸nbnbm

qtp D ¸qt qtm; qbp D ¸qbqbm ; mt p.x p/ D ¸mt mtm .xm /

mb p.xp/ D ¸mbmbm .xm / (19)

The relations between the longitudinal and the vertical coordi-
nates of the two structures are

L p D ¸x Lm; z p D ¸czm (20)

where L p and Lm are the span of the prototype and of the model,
respectively.

The relations between the response variables are

Uotp.x p/ D ¸uotUotm.xm/; Uobp.x p/ D ¸uobUobm.xm/

Wt p.xp/ D ¸wt Wtm.xm/; Wbp.x p/ D ¸wbWbm .xm /

¿p.x p/ D ¸¿ ¿m .xm / (21)

By using the procedureshown earlier, the similarity equationsare
derived as follows. Substitution of Eqs. (19–21) into the prototype
equations (8–12) yields the governing equations of the prototype
structures in terms of the model terms. Matching the coef� cients of
the prototype equations described by the model properties with the
model equations (8–12) yields the following similarity conditions:
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x

¡ 1 D 0
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C 1 D 0; ¡1
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C

1
2 ¸b¸c¸¿

¸qb¸x
D 0

1

2

¸b¸db¸¿

¸qb¸x
¡ 1

2
D 0; ¡ ¸mb

¸qb¸x
C 1 D 0 (22)

The number of system parameters is 22, whereas the number of
independent similarity conditions is 18. [Note that some of the 24
relations in Eqs. (22) are independent.] This means that we can
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freely choose our scale factor in designing the model for a given
prototype.

For this particular application we choose

¸qt ; ¸Ec; ¸c; ¸x (23)

Then we solve the similarity conditions by employing Maple and
obtaining the remaining 18 scale factors in terms of the four in
Eq. (23). These are

¸c D ¸c; ¸Ec D ¸Ec ; ¸wb D ¸x x

¸c
; ¸db D ¸c

¸wt D ¸x

¸c
; ¸uob D 1; ¸mt D ¸qt ¸x ; ¸dt D ¸c

¸uot D 1; ¸EIt D ¸qt ¸
3
x ¸c; ¸¿ D

¸2
x ¸Ec

¸3
c

¸b D
¸qt ¸

2
c

¸Ec¸x x
; ¸qb D ¸q t ; ¸EIb D ¸q t ¸

3
x ¸c

¸EAb D
¸qt ¸

3
x

¸c
; ¸EAt D

¸q t ¸
3
x

¸c
; ¸nb D

¸qt ¸x

¸c

¸nt D
¸qt ¸x

¸c
; ¸Gc D

¸2
x ¸Ec

¸2
c

; ¸mb D ¸q t ¸x (24)

Notice that the longitudinal displacement terms ¸uot and ¸uob D 1
and that the vertical displacement terms ¸wt and ¸wb depend on ¸x

and¸c. The thicknessterms ¸d t and ¸db are related to ¸c only.Hence,
in the case where the thickness of the model and its length have the
same ratio with repect to the prototypedimensions, then ¸x D ¸c, or
in other words, the model is actually a scaled down description of
the prototype. Hence, the following similarity conditions exist:

¸c D ¸c; ¸Ec D ¸Ec ; ¸wb D
¸x x

¸c
; ¸db D ¸c

¸wt D 1; ¸uob D 1; ¸mt D ¸qt ¸c; ¸d t D ¸c

¸uot D 1; ¸EIt D ¸q t ¸
4
c ; ¸¿ D

¸Ec

¸c

¸b D ¸qt ¸
2
c

¸Ec¸x x
; ¸qb D ¸q t ; ¸EIb D ¸q t ¸

4
c

¸EAb D ¸qt ¸
2
c; ¸EAt D ¸qt ¸

2
c; ¸nb D ¸q t

¸nt D ¸qt ; ¸Gc D ¸Ec; ¸mb D ¸qt ¸c (25)

where the deformation simlarity terms equal 1 and the shear mod-
ulus term ¸Gc in the core equals that of the vertical modulus of
the core, ¸Ec , which is an indpendent variable. Thus, in case of
full geometrical similarity, the core moduli, vertical, and shear have
the same ratio, and it means that the core in the model may be an
isotropic one.

The scale factors for the core have been derived by substituting
the similarity conditions Eqs. (25) in the stress and deformation
� elds of the core of the prototype [see Eqs. (13), (14), and (16–18)].
The core scale factors are

¸¾zzc D ¸Ec=¸c; ¸wc D 1; ¸uc D 1 (26)

where ¸¾zzc is the vertical normal stress ratio in the core and ¸wc

and ¸uc are the similitude ratio of the vertical deformation and the
longitudinal one, respectively, in the core.

The similitude factors for the stress resultants following the pro-
cedure described earlier are

¸N xx t D ¸q t ¸
2
x

¯
¸c; ¸N xxb D ¸q t ¸

2
x=¸c; ¸M xxt D ¸qt ¸

2
x

¸Mxxb D ¸qt ¸
2
x ; ¸Qxxt D ¸q t ¸x

¸Qxxb D ¸qt ¸x ; ¸Qxxc D ¸qt ¸x (27)

where Q x zc D ¿bc is the shear stress resultant in the core. All other
stress resultants appear in Fig. 1.

The overall stress resultants in a section of the sandwich panel
are

¸N tot D ¸qt ¸
2
x

¯
¸c; ¸M tot D ¸qt ¸

2
x ; ¸Qtot D ¸q t ¸x (28)

where

Ntot D Nx xt C Nx xb; Mtot D Mx xt C Mx xb ¡ Nx x t Nz t C Nx xb Nzb

Q tot D Qx zt C Qx zb C Q x zc (29)

In addition, Nzt and Nzb are the distances of the centroid of the upper
and the lower face sheets from the centroid of the sandwich panel
(Fig. 1).

Next, a numerical study of some typical cases is conducted with
complete and partial similarity for demonstration purposes.

Numerical Example
A prototype sandwich panel with a soft core supported at its

lower face sheet at three points and loaded by a distributed sym-
metrical load is investigated. Geometry, mechanical properties,
loading scheme, and boundary conditions appear in Fig. 2, where
the face sheets rigidity of the prototype are EAk D Esbdk and
EIk D Es bd3

k =12 with k D t; b for the upper and lower face sheets,
respectively.Note that in the mathematical formulation these rigidi-
ties are independent and each one has its own scale factor. A few
cases are described next with complete and partial similarity.

Complete Similarity (Case 1)
The � rst model designed for the prototype on Fig. 2 consists of

the following scale factors with full geometry reduction of � ve, that
is, the model is a scaled down description of the prototype by the
order of � ve, the load is reduced by a factor of 10, and the modulus
of the core is reduced by the order of 10; hence,

¸c D 5; ¸qt D 10; ¸Ec D 10; ¸x D 5 (30)

These are the freely chosen scale factors. The remaining scale
factors are obtained from Eqs. (25):

¸wt D 1; ¸¿ D 2; ¸wb D 1; ¸uob D 1; ¸uot D 1

¸dt D 5; ¸b D 5; ¸Gc D 10; ¸db D 5; ¸EAt D 250

¸EIt D 6250; ¸EAb D 250; ¸mt D 50; ¸mb D 50

¸EIb D 6250; ¸nt D 10; ¸nb D 10; ¸qb D 10 (31)

Equation (31) fully describes the model.

Fig. 2 Geometry, loading,boundaryconditions, and mechanical prop-
erties of a typical sandwich panel with a soft core.
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Fig. 3a Vertical and displacements (complete similarity).

Fig. 3b Longitudinal displacements (complete similarity).

Fig. 3c Longitudinal forces (complete similarity).
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Fig. 3d Bending moments (complete similarity).

Fig. 4a Vertical normal stresses (complete similarity).

Fig. 4b Shear stresses in core (complete similarity).
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Fig. 5a Vertical displacement (partial similarity).

Fig. 5b Longitudinal displacement (partial similarity).

Fig. 5c Longitudinal forces (partial similarity).
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Fig. 5d Bending moments (partial similarity).

Fig. 6a Vertical normal stresses (partial similarity).

Fig. 6b Shear stresses in core (partial similarity).
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In addition, the scale factors for the stress resultants and the core
� elds are

¸uc D 1; ¸N xx t D 50; ¸N xxb D 50; ¸Mxxt D 250

¸M xxb D 250; ¸Qxxt D 50; ¸Qxxb D 50

¸Qxx c D 50; ¸N tot D 50; ¸M tot D 250

¸Qtot D 50; ¸wc D 1; ¸¾zzc D 2 (32)

The results in the form of displacements, stress resultants in the
face sheets and in the core, as well as the shear stresses in the core
and the vertical normal stresses (peeling) at the face–core interfaces
have been determined analytically for the prototype and for the
model independently.The model theoreticalresultsare used with the
scale factors shown earlier to predict the response of the prototype.
Theses predictionsare then compared to the analytical results of the
prototype. Because all of the similarity conditions are satis� ed, we
have complete similarity. Both results for the prototype (analytical
andpredicted) are showngraphicallyin Figs. 3 and4. The agreement
is excellent.

Complete Similarity (Case 2)
The second model is not a scaled down description of the proto-

type, and this means ¸x 6D ¸c . Hence, the chosen scale factors are

¸c D 1; ¸qt D 10; ¸Ec D 1; ¸x D 2 (33)

The remaining scale factors are

¸uot D 1; ¸uob D 1; ¸wt D 2; ¸wb D 2; ¸¿ D 4

¸b D 5; ¸d t D 1; ¸db D 1; ¸EAt D 80; ¸EIt D 80

¸EAb D 80; ¸EIb D 80; ¸Gc D 1; ¸nt D 20

¸nb D 20; ¸qb D 10; ¸mt D 20; ¸mb D 20

¸uc D 1; ¸N xxt D 40; ¸N xxb D 40; ¸M xxt D 40

¸Mxxb D 40; ¸Q xx t D 20; ¸Qxxb D 20

¸Qxxc D 20; ¸N tot D 40; ¸M tot D 40

¸Q tot D 20; ¸¾zzc D 2; ¸wc D 2 (34)

Also, in this case we have complete similarity. When the same
procedure as in case 1 is followed, the predicted and analytical
results are shown in Figs. 3 and 4.

Partial Similarity
In this case, the similarity is partial, and the shear modulus ratio

of the core does not ful� ll the similarity condition.The independent
scale factors are those that appear in Eq. (33) and the remaining
scale factors are those that appear in Eqs. (34). The shear modulus
ratio chosen is equal to

¸Gc D 4 (35)

and not 1, as in the case of complete similarity [see Eqs. (34)].
The results of the prototype (analytical and predicted) appear in

Figs. 5 and 6. Here, because there is no complete similarity, the
model and the prototyperesults do not coincide.However, there are
some large differences in the vertical de� ections but minor differ-
ences in the longitudinaldeformations,stress resultantsand stresses
in the core, and at its interfaces.

Conclusions
Structural similitude as applied to sandwich beams has been

demonstrated with success, for complete similarity. Partial simi-
larity requires further study.

Note that when using the � eld equation approach one can eas-
ily design a model for a given prototype because the number of
similarity conditions is smaller than the number of scaling laws or
similarity conditions.

Future work should include applicationto bucklingand vibration
problems as well as other geometries.
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